-delayed yield, which is a function of incident neutron energy.
P k -partial yields (the six partial yields sum to unity) λ k -time constants (sec -1 ) ) ' (E χ -energy dependent emission spectra (normalized to unity integrated over E') Integrated over secondary energy E', we can see the time dependence, ) ,
Integrated over time t, we can see the initial and secondary energy dependence,
Integrated over secondary energy E' and over time t, gives the delayed yield,
The format allows for the partial yields, P k, and emission spectra, χ k ) ' (E , to vary with incident neutron energy, but currently in all cases these are defined as independent of the incident neutron energy. Therefore, currently the only dependence on incident neutron energy is through the delayed neutrons per fission, > < ) (E vd .
When can these Data be Used?
The time constants in ENDF/B-VI are all roughly in the range 0.01 and 3 sec -1 , corresponding to short delay times, and they should only be used for short delay times on the order of up to hundreds of seconds. Also there is no correspondence between the decay modes and any specific fission products, or even lumped fission products. Therefore these data cannot be used to solve problems involving fission product burn-up, which requires both decay data and absorption or burn-up data for the fission product; see details below. These data can only be used in the case described above where subsequent to the creation of the fission products, all of the delayed neutrons will over time eventually be emitted by these fission products; none of the fission products will be burned-up before they emit delayed neutrons.
It is important to note that this is consistent with the commonly used practice when solving time independent transport problems to ignore the time dependence of the delayed neutrons and treat them as ALL emitted promptly. Only in the case where burnup of the fission fragments is insignificant will ALL of the delayed neutrons actually be eventually emitted; otherwise the fragments may burn-up before they have a chance to decay and emit delayed neutrons, reducing the number of delayed neutrons actually emitted, which would invalidate the common assumption.
A Simplified Model
Here I present a model that uses the energy dependent delayed neutrons per fission, partial yields and time constants, to reproduce the exact time dependence defined by the given ENDF/B data. The only approximation to the ENDF/B data that I introduce is a simplified model for the energy dependent emission spectra. My objective is to have a model that is simple, fast and accurate to sample in a Monte Carlo calculation. The model I introduce here conserves the average energy of the neutrons emitted in each of the six decay modes, but does not include all of the detail of the ENDF/B-VI defined emission spectra. This model is also designed to void some problems that can occur when the ENDF/B-VI detailed emission spectra are used in applications, as explained below.
ENDF/B-VI
ENDF/B-VI includes fission data for 43 isotopes and one isomer. Of these 43 isotopes it includes delayed neutron information for 29 isotopes; there is no delayed neutron data for the remaining 14 isotopes and one isomer. Only neutron emission, not photon emission or anything else, is described by the ENDF/B-VI delayed neutron data. ENDF/B-VI includes complete delayed neutron information for 21 isotopes, namely listing the ZA of each isotope, This included energy dependent, > < ) (E vd , time constants, λ k , partial yields, P k , and energy dependent emission spectra, ) ' (E χ ; this includes all of the data required for the model of delayed neutron emission described above. Those in red are also included in the ENDL neutron data library described below.
In addition it includes partial delayed neutron information for 8 Those in red include complete delayed neutron data in ENDF/B-VI, and those in blue include partial delayed neutron data in ENDF/B-VI. ENDL includes the energy dependent, , for all 38 isotopes, but no information defining the time or energy dependence of delayed neutron emission.
> < ) (E vd

Equivalent Data
My objective is to develop a simple model that can be used with all of the isotopes included in ENDL with the Monte Carlo transport code TART [6, 7] . ENDL currently includes energy dependent, for all isotopes, but have no information defining the time and energy dependence of the emitted neutrons. For those ENDF/B-VI evaluations that include complete data I will use it with ENDL; fortunately data are included in ENDF/B-VI for all of the major isotopes. For each of the remaining isotopes in ENDL I will use ENDF/B-VI data from a similar isotope; similar in the sense of nearest odd-odd, odd-even, even-odd or even-even isotope. For Z = 96, 97, and 98, there are not enough data available to use parity to select data; in these cases all of the isotopes for each Z were assigned the same data. Below is a table of all the equivalences that I used. To complete the TART treatment of fission I have also defined delayed neutron parameters for the important spontaneously fissioning isotopes: Pu240, Cm242, Cm242 and Cf252, which can be used in TART as neutron sources for neutron correlation studies.
In summary, by using the existing ENDF/B delayed neutron data for the same isotopes in ENDL, and using the above equivalences I have defined delayed neutron data for all 38 fissile isotopes in ENDL, and these data have now been implemented for use in the TART Monte Carlo transport code.
Simplified Emission Spectra
For each isotope in ENDF/B-VI spectra are given for each of the six time dependent decay modes. The spectra vary in detail from one isotope to another, but in general are quite similar. Below I show the six spectra for U 235 , on the left using log-log scale, and on the right using linear-log scale. In all cases the six ENDF/B-VI spectra are defined as a histogram, where each spectrum is constant between successive tabulated values. Each spectrum has a fair amount of detail, and all eventually exponentially decrease at higher energy. Compared to the prompt fission spectra, the delayed spectra are much softer, with average energies roughly in the 400 to 600 keV range. In the simple model that I will use it is this difference in average energy that I will conserve, since it is this which can most easily be seen to effect the results of our transport calculations.
Again, I will mention that the current ENDF/B delayed spectra are in all cases independent of the incident neutron energy. For example, the data shown above are the only spectra provided for U 235 , independent of the incident neutron energy.
I will assume that each spectrum corresponds to the emission of a neutron from a single, stationary fission product. In this case the lowest order assumption is that the neutrons are emitted in a Maxwellian distribution,
Average Energy <E> = (3/2)T I have fit each ENDF/B-VI distribution to a Maxwellian to conserve the average energy of the emitted neutrons. Below are the results for each of the six U235 spectra; results for all other isotopes are very similar and will not be shown here.
These fits may seem to be quite crude, but it is important to realize that the emitted delayed neutrons are usually only a fraction of one per-cent of the total number of neutrons emitted per fission, and that the uncertainties in these delayed neutron spectra are quite large; an exception is U
238
, which has an unusually large delayed fraction. Also be aware that the histogram representation of the delayed spectra as given in ENDF/B-VI can cause problems when used in applications. For example, each of the ENDF/B-VI delayed spectra is defined by a constant value between 0 and 10 keV, which results in the completely unrealistic low energy variation of the ENDF/B-VI spectra shown in the above figures. In this case, rather than being a crude approximation to reality, I judge the low energy square root of E' variation of the Maxwellian to be a much better approximation to reality than the constant value given in ENDF/B-VI; see below for more details.
In ENDF/B-VI for U 235 at thermal energy (0.0253 eV), the total neutrons emitted per fission is defined as 2.4367 and the delayed 0.0167, so that the prompt is the difference, 2.4200. The delayed fraction is 0.00685 (0.0167/2.4367), i.e., of all neutrons emitted in fission 0.00685 are delayed. For example, in a Monte Carlo calculation if you sample 1 million neutrons produced by fission only 6850 will be delayed, and these will be distributed in secondary energy, time and direction. This may seem like a very small amount that would not even be seen in a combined spectrum of prompt plus delayed emission, but actually because the delayed spectra have a much lower average energy they are concentrated over a smaller energy interval and are larger than you might think. To illustrate this point below I show a comparison of prompt and delayed U 235 spectra, in this case both are normalized to unity (not the number of neutrons actually emitted in each). In this case the average energy is 2.03 MeV for prompt and 405 keV for delayed. Because the delayed emission is concentrated over a smaller energy interval, at its peak and at lower energies it is roughly ten times higher than the prompt emission. Remember this is for spectra both normalized to unity, but it illustrates why the effect of delayed neutrons on the total fission neutron spectra is more noticeable than you would suspect based on the 0.00685 delayed fraction.
Below I show a comparison for U 235 of the sum of the six spectra using my Maxwellian approximation and the original ENDF/B-VI data. Both spectra are normalized to the delayed yield of 0.0167 neutrons per fission. In ENDF/B-VI the prompt neutron emission spectra are given at secondary energies, E', 10 eV and above, so that the below figures also show the energy range of 10 eV and above.
From the figure on the left, we can clearly see the problem of using the original histogram defining the yield as constant between 0 and 10 keV; the constant yield below 10 keV is completely unrealistic. From the figure on the right we can see that at higher energies the sum of the six Maxwellians is an excellent approximation to the sum of the six original histogram spectra over three orders of magnitude in ) ' (E χ .
Results Using the ENDF/B-VI Data
Below I show the prompt and total neutron emission spectra using the ENDF/B-VI prompt continuous spectrum and the delayed histogram data. Note the effect of the unrealistic delayed low energy constant (histogram) data between 0 and 10 keV; the total yield begins to deviate from the prompt below roughly 1 MeV, on the below figure we can start to see this by 10 keV, and at lower energies it grows to over three times (over 300 %) the prompt emission by 10 eV.
Results Using Maxwellian Delayed Spectra Model
Below I show the prompt and total neutron emission spectra using the ENDF/B-VI prompt continuous spectrum and my proposed Maxwellian delayed spectra. Note that both prompt and delayed spectra now have a square root of E' variation at low energy. The total spectrum smoothly varies from the prompt spectra below about 1 MeV and reaches a constant ratio roughly 6.85% higher than the prompt at lower energy. Recalling that the delayed fraction is 0.00685, but that the concentration of the delayed spectra over a smaller energy range increases its magnitude at roughly a factor of ten, the 6.85% rise of the total spectra relative to the prompt is exactly what we physically expect.
Point-Kinetics and In-Hour Equations
The point-kinetics and in-hour equations can be derived from the linear Boltzmann equation that we solve using neutron transport codes. This involves integrating over all space (point-kinetics) or all space and energy (in-hour). It is informative to derive these equations because, hopefully, it clearly shows the approximations involved in using the ENDF/B-VI data, and the limited range of problems that we can practically consider accurately solving. Starting from the Boltzmann equation,
We subdivide the transfer by reaction, into scatter (inelastic and inelastic), and neutron production; for simplicity here I only explicitly include production due to fission, but in practice this should also include production due to (n,2n), (n,3n), etc.
Here we assume that all neutrons outgoing from reactions appear instantaneously at the time each reaction occurs (no time dependence), except for delayed neutrons, where a fission at an earlier time t' can result in the emission of a neutrons at a later time t. We can simplify this time dependence by realizing that the delayed neutrons are emitted by specific fission products; the neutron emission is delayed until the specific fission product decays, usually by beta emission. This can potentially simplify the problem because rather than having to know the flux at all earlier times as a function of space, energy, direction, and time, we need only know the precursor concentrations as a function of space and time. The equation defining the concentration of any specific fission product is defined by,
We also need an initial condition defining
The three terms on the right hand side of this equation correspond to,
-creating of fission product due to fission
-decay of the fission product
In the case of the ENDF/B-VI data we do not know the burn-up cross section, σ k ) ' (E , for the fission products; again, the ENDF/B-VI delayed neutron data are not associated with any specific fission product or even lumped fission productions. Therefore we cannot use the ENDF/B-VI data in applications where there is significant fission product burn-up during the application; we simply do not have the data required to model this. Therefore we are limited to modeling the concentration of fission product by,
Here we can see that the fission product precursor concentration depends on the initial condition and the neutron flux between the initial and current times. Note that as time progresses becomes independent of the initial condition, i.e., its contributions is exponentially decreasing.
If we had a time independent flux this predicts that the fission product concentrate would approach a steady state, where the decay of the fission product would balance the creation of fission products due to fission,
In the other extreme if we had a steady state distribution and could suddenly somehow turn off the flux at time t0, the fission product concentration would exponentially decrease at subsequent times,
In practice this is not easy to do since the decay of the fission products creates delayed neutrons, which means flux (so you cannot simply turn it off). However, with a time dependent source we can approximate this condition.
It is the decay of the fission products that results in the delayed neutrons,
Since we cannot consider fission product burn-up this is equivalent to the fission product model described above; here I reverse the prime and unprimed variables, so that transfer is from the initial E', t' to the final E, t (sorry about that),
Delayed Neutrons Change the Problem and How we Solve It
When we solve the Boltzmann equation without delayed neutrons everything is assumed to happen instantaneously. We can start a calculation at any arbitrary initial time and without knowing anything about the system at earlier times we can solve the problem for any subsequent time.
With delayed neutrons this is no longer true, since at least in principle the flux at any time is now coupled to the flux at ALL earlier times. In some cases the use of the equations defining the fission product concentrations allows us to simplify this coupling by requiring only that we know the initial concentration of fission products . This is the procedure normally followed in solving point-kinetics or the in-hour equation, where space is not a variable.
Unfortunately this is not practical for use in our Monte Carlo calculations because in general we do not know the spatial distribution of the fission products. The spatial distribution of fission products at any given initial time depends on the spatially dependent neutron flux at all earlier times, which is unknown at the beginning of our calculation and is what we want to calculate.
For convenience I will use neutron density, n, rather than neutron flux, N = n*v in the following. If we integrate the Boltzmann equation over all space, directions, and energy, remembering that all quantities are averaged over all variables except time, we find, t t n ∂ ∂ ) (
Here L is the leakage from the system.
Without delayed neutrons the equation is simply,
In this case we have a simple exponential solution.
When delayed neutrons are included there is no simple exponential solution. In this case the equation is,
This form indicates that the solution will be a sum of exponentials. In addition in order to solve this equation at time t we must define the flux at ALL earlier times t'.
For use in our Monte Carlo calculations it is not practical for us by define the flux at all previous times as a function of spatial position, and energy. The only practical use of these equations is when we start at a given time, define the flux at all earlier times to be zero, allow the system to evolve over some period of time and then introduce a change in the system to perturb the steady state and observe what subsequently happens to the system. Only in this manner can we accurately simulate the behavior of a system.
The easiest such change is to use a time dependent source, either an instantaneous source or a source over some fixed period of time, then turn off the source and watch the exponential decay of the flux in the system. If there is no fissile material in the system the flux will rapidly exponentially decay, typically in microseconds to milliseconds depending on the system. However, if fissile material is present the decay will be much slower, as delayed neutrons are emitted from fission products over times of milliseconds to seconds. The strength of this long term signal will naturally depend on both the magnitude and duration of neutron source and the concentration of fissile material in the system.
Importance of Energy Dependence
Since they are called delayed neutrons usually when discussing them the concentration is normally on time. However what should not be overlooked is the important effect of the slower average energy of delayed neutrons compared to prompt neutrons, i.e., roughly 500 keV versus 2 MeV. The effect that this has is system dependent. For example, for fast neutron systems, compared to emitting all neutrons in the prompt emission spectrum, emitting delayed neutrons in the softer delayed emission spectrum means that the delayed neutrons are emitted below the effective U 238 fission threshold, which can reduce reactivity. In contrast for thermal systems the lower average delayed neutron energy can reduce leakage and absorption during slowing down resulting in a higher reactivity.
TART Verification: What TART can and cannot Model
TART is a time dependent Monte Carlo code in the sense that it allows time dependent particles, so that we can model the time dependent emission of delayed neutrons. But TART has fixed geometry that is NOT time dependent, neither are any properties such as composition, density, temperature, etc. Therefore TART cannot model control rod motion, changes in density or temperature of any material, such as water versus steam or anything else that changes the geometry of a problem. This means that there is no feedback such as expansion or contraction, temperature change, fuel or fission product burn-up. In summary: with TART particles being transported can be time dependent, but the medium through which they transport is time independent. This naturally restricts the types of problems involving delayed neutrons that TART can handle, but there are still enough interesting problems that TART can handle to makes it worthwhile correctly modeling delayed neutrons in TART.
This simple model of delayed neutrons has now been implemented in the TART Monte Carlo code. Below I present a range of results first to verify that TART is correctly sampling delayed neutron emission and then to illustrate some problems that can be modeled by TART in which correctly modeling delayed neutrons is important.
Broomstick
To verify any kinematics model one of the simplest approaches is to perform a broomstick calculation, which is designed to allow each particle to undergo one and only one collision, so that the resulting distribution in secondary energy, direction and time should correspond exactly of the kinematics model being tested.
Here I perform a broomstick calculation using a cylinder of very small radius (10 -5 cm), and very long length (10 +5 cm). I use an instantaneous (t = 0, only) neutron point source located on the central axis of the cylinder near one end of the cylinder, and monodirectional, directly up the axis of the cylinder. The cylinder contains a fissile material; in this case U 235 at 18.7 grams/cc density. With this geometry each neutron is forced to quickly have one and only one event, and following each event all outgoing neutrons from the event change direction and leak from the narrow cylinder into the surrounding volume, where I tally their energy, time and direction. For a thermal neutron incident the only possible events are elastic scatter and fission, but only fission will result in fast neutrons, and only delayed neutrons appear at later time. Therefore by examining the energy and time dependence of the leakage I can determine whether or not the single event delayed neutron kinematics as implemented in TART are performing as intended.
Normalized per incident neutron all leakage will be essentially instantaneous, except for the delayed neutrons, whose time dependent variation is defined in absolute form as,
defines the probably of fission per collision, > < vd defines the number of delayed neutrons per fission, and the remainder defines the time dependence of the six modes. For a source that is constant from t = 0 to t1, and zero for longer times the solution is merely the above, integrated from t = 0 to t1, followed by exponential decay for t > t1,
Finally, the solution integrated over all time is,
This merely states that all of the delayed neutrons will eventually be emitted.
At room temperature for thermal neutrons the pertinent U 235 data includes, Note, that for a Maxwellian the average energy <Ek> = (3/2)Tk, so that for U 235 the average energy of the six delayed neutrons spectra varies from about 0.4 MeV (T1 = 0.27 MeV) to about 0.55 MeV (T4 = 0.371 MeV).
To completely describe the time and energy distribution of delayed neutrons with the model used here all we need are 18 parameters for each isotope: six Pk, six λ k, and six Tk; no complicated data bases are requires; just these simple 18 parameters per isotope. Since we assume the delayed neutrons are emitted from stationary fission products the emission will be isotropic in the Lab system and we do not need any extra data to describe the angular distribution. For example, for U 235 the 18 parameters in the above table are all we need to describe the emission of delayed neutrons in energy, time and direction.
Analytical Time Dependence
First let's look at the analytical solution for the time dependence after a fission has occurred at time t = 0. The ENDF/B-VI models is,
We will first look at the time dependence integrated over final energy,
So that you can easily see the fraction of neutrons emitted, I will divide by the delayed fraction, and present both the differential and integral results, The differential results on the right figure below show that by 100 seconds the delayed emission is exponentially decreasing according to a simple single exponential, i.e., on a linear-log scale the shape approaches a straight line, corresponding to the longest of the six time decay modes.
Comparison of Analytical and TART Time Dependent Solutions
Using a TART broomstick calculation we can obtain an absolute comparison between the analytical and TART solutions. The comparison will be absolute in terms of both magnitude and shape in time. Per source neutron the analytical solution for the time dependent leakage of delayed neutrons from the broomstick due to a monoenergetic neutron source at thermal energy (0.0253 eV) is,
Using the above values for U 
TART Energy Dependent Solution
The below figure shows energy dependent broomstick results for thermal neutrons incident on U 235 for prompt times (0 to 4 .) sec µ and delayed times (4 . sec µ to infinity). The prompt spectrum is composed of elastic scatter (the narrow peak around thermal energy broadened due to thermal motion) and prompt fission (the high energy neutrons). The delayed spectrum is composed only of delayed neutrons. Note that the prompt and delayed neutrons both have the same square root of E' low energy dependence. Note also the softer (lower energy) delayed spectrum relative to the prompt spectrum.
Summary of Broomstick Results
The above results illustrate time and energy dependent delayed neutron results as calculated by TART using a broomstick. In addition the broomstick calculation was also used to verify that the delayed emission is isotropic in the Lab system. The combination of broomstick results verifies that sampling delayed neutrons in time, energy and direction has been properly implemented in TART.
Steady State Solutions
In any steady state, that is time independent problem, the assumption is that the system has existed in this state for all past times. In this case with the ENDF/B-VI model the fission products will have reached saturation, and the rate at which delayed neutrons are emitted exactly balances the rate at which fission creates the fission products. This means that the rate of emission of neutrons from fission at any time will be the prompt yield plus the delayed yield; in other words the total yield. This is why the normal assumption for steady state problems to use the total neutrons per fission is valid. Again, as a reminder this model implies that there is no significant fission product burn-up, e.g., if there is any significant fission product burn-up it will reduce the number of delayed neutrons that are actually emitted, in which case the normal assumption to use total neutrons per fission is incorrect.
In steady state problems, the delay time of delayed neutrons plays no role, but the difference between the prompt and delayed emission energy spectra can be important. The largest effect that I can think of would be in a system where U 238 fast fission makes an important contribution to K-eff. In this case, compared to modeling all neutrons emitted in the prompt emission energy spectrum, modeling the delayed neutrons in the softer delayed emission energy spectra moves the delayed fraction of neutrons below the effective U 238 fission threshold, thereby reducing K-eff. How important this effect is depends on how important the U 238 contribution is to K-eff.
Minimum Enriched Uranium
The most extreme case that I can think of is the theoretical problem involving only pure uranium and calculating the minimum per-cent of U 235 in uranium in an infinite system that can be made critical. Here U 238 fast fission plays a crucial role, and the results illustrate the important effect of properly modeling the delayed neutrons emission spectra. Note that the minimum per-cent here based upon only uranium, is not the same as the minimum per-cent in a general case if we include other materials, such as moderators. In the general case this per-cent is less than 1% U
235
. Here I only consider pure uranium in order to maximize the effect of the delayed neutron spectrum. Later we will see that there can even be a somewhat smaller but important effect on thermal systems.
Using TART to first model this pure uranium problem with all fission neutrons (prompt and delayed) emitted in the prompt energy spectrum I find that the minimum for K-eff = 1.000 is 6.08% U
. Repeating this calculation with delayed neutrons in the delayed emission spectrum we find that with the same per-cent U 235 K-eff = 0.9978, i.e., a reduction of 0.22%. In order to make this system critical I had to increase the U 235 from 6.08% to 6.13%, an increase of not quite 1%. These differences may seem small, but compare this to the results of a recent study on how accurately we can calculate K-eff for thermal systems [8] which found today a variety of Monte Carlo codes can all calculate K-eff within roughly 0.1%. Compared to the 0.1% accuracy we can reproduce today, the 0.22% difference due to correctly modeling delayed neutron emission is large. Below I show a comparison of the energy dependent neutron production emitting all neutrons in the prompt energy spectra or total using prompt and delayed energy spectra. In this case we see a shift of the total to lower energy due to the softer delayed neutrons. Note the "bump" in the production near 2 MeV, which is characteristic of fast fission due to U 238 .
Godiva: Highly Enriched Uranium
To illustrate the opposite extreme I next consider a case with highly enriched uranium, i.e., very little U
238
. The next figure shows the energy dependent neutron production in Godiva (a bare sphere of highly enriched uranium). The curve labeled "prompt" corresponds to emitting all neutrons using the prompt emission energy spectrum. The curve labeled "total" corresponds to emitting the neutrons using the prompt and delayed emission energy spectra. We can clearly see the difference due to the softer delayed neutrons. In this case the net effect on K-eff is quite small (prompt 1.0017, delayed 1.0018). Here we see the shift in energy of the neutron production, but this has little net effect on K-eff because U 238 makes little contribution to K-eff and neutrons in the prompt or delayed emission spectra make similar contributions to K-eff based on U 235 fission. Compare the above figure for the minimum U 235 to the below figure, and note that above we see the "bump" due to U 235 fast fission, whereas below there is no "bump" because there is little U 238 in this problem. On both the above and below figures you can see a smaller "bump" at around 6 MeV, which is due to (n,2n).
What these results for low and high enriched uranium show is that emitting delayed neutrons in the softer delayed emission spectrum rather than the prompt emission spectrum may or may not be important for simple integral parameters such as K-eff. In both cases we can see differences in the energy dependent neutron production and there is no significant difference in running time using one model or the other, so that it seems worthwhile to always use the physically better model of delayed neutrons emitted in the softer delayed neutron emission spectrum.
A Quick Survey of Many Fast Critical Assemblies
The TART code system is distributed with TART input decks for over 500 critical assemblies. This includes a set of 68 fast neutron assemblies, including U 233 , U
235
, or Pu 239 as fuel, and reflecting materials throughout the periodic table. As such this is an excellent set to use to obtain a quick overview of the magnitude of the effect of delayed neutrons.
I ran all 68 problems with all neutrons emitted in the prompt fission emission spectrum. I repeated the calculation with delayed neutrons emitted in the delayed fission emission spectrum. All calculations were run to calculate K-eff to at least 0.0001% accuracy, i.e., 6 digits of accuracy, so that we can be sure the differences seen in this table are statistically significant. TART allows the user to specify the required accuracy in K-eff, and it then runs until this accuracy is achieved. This means that I need not define the accuracy of the below results for each of the 68 problems, since they are all the same, 6 digits accuracy in K-eff or better. The table below summarizes the results. Diff % is here defined as,
100%(Prompt -Delayed)/Delayed
So that a positive Diff % means the Prompt is larger than the Delayed. We see small positive and negative effects of properly treating the delayed neutrons; up to 0.06%. The net effect averaged over the 68 cases is that the Prompt results are slightly larger than the Delayed results, as shown by a net increase in K-eff of less than 0.02%.
Note that the average value for all 68 assemblies for Prompt (0.99927) is slightly closer to unity that the Delayed results (0.99911). Please do not make mistake of assuming that this indicates that the physical model I used for the Prompt calculations is better than physical model I used for the Delayed calculations. Indeed we know that exactly the opposite is true. Often critical assemblies such as these are used in an attempt to "improve" nuclear data. This is a classic example of the importance of using the "best" possible physical model when attempting such "improvements".
Above I discussed the effect of emitting delayed neutrons in a softer spectrum to decrease K-eff by moving neutrons below the U 238 effective fission threshold. From the table below we can see that in general the effect is not that simple. Moving neutrons to lower energy can reduce leakage and decrease the chance of absorption during slowing down, resulting in an increase in K-eff. Below we can see examples of both increasing and decreasing K-eff due to the combination of materials and geometry.
My conclusion is that the effect of delayed neutrons is not easily predictable, so that to be safe it is better to always include the best physical model by including a proper treatment of delayed neutrons. 
Thermal Criticality Calculations
In a recent study we examined how accurately today's neutron transport codes, particularly Monte Carlo codes, can calculate thermal systems [8] . The results were very encouraging since they demonstrated that today a variety of codes all calculate the same value for K-eff within roughly 0.1%. The TART results in this report were based on modeling all fission neutrons as emitted prompt in the prompt neutron emission spectrum; I have no idea what the other codes used, since it was not defined in this study [8] .
Using the delayed neutron model described here changes the TART pin-cell results by almost the 0.1% spread in code results seen in the earlier pin-cell study [8] . For example for the three free atom cases in this report the TART answers are: (1/2", prompt 1.0095, delayed 1.0088), (1/4", prompt 1.0093, delayed 1.0091), (1/8", prompt 1.0109, delayed 1.0109). Here "prompt" refers to the results with all neutrons emitted in the prompt energy emission spectrum, and "delayed" refers to the results with the delayed neutrons emitted in the delayed energy neutron spectrum. What these differences show is that the largest effect is seen for the 1/2" case, which contains 99.02% U 238 and only 0.98%
, and roughly 10% of the neutron production occurs at high energy. In this case emitting the delayed neutrons in a softer energy spectrum moves the delayed neutrons below the effective U 238 fission threshold decreasing K-eff by 0.07%. The difference in K-eff is less in the 1/4" and 1/8" cases because here less of the neutron production occurs above the effective U 238 fission threshold.
I will mention that the difference here is quite small, only 0.07% change in K-eff, but it is comparable to the difference seen between a variety of Monte Carlos codes and as such could effect the conclusions of this study [8] . The below figure shows the energy dependent neutron production for the 1/2" radius pin. Note the characteristic "bump" near 2 MeV due to U 238 fast fission, showing that even in this thermalized system U 238 fast fission can play an important role.
Real Thermal Lattices
LCT-06 [9] is a set of 18 measured, geometrically complex thermal assemblies. The below figures illustrates two of these assemblies (LCT06-1 and 18), which are both 19 x 19 arrays of uranium oxide (UO 2 ) fuel, clad in aluminum, and surrounded by water; in these figures each color corresponds to a different spatial region for the TART model. The uranium is roughly 2.6% U
235
, so that it is mostly U
238
. For the 18 assemblies the pitch and number of rods on each side were varied resulting in a range of hydrogen to uranium ratios. 
LCT06
I have calculated these assemblies first emitting all fission neutrons in the prompt emission spectrum, and then repeated the calculation emitting delayed neutrons in the delayed neutron spectrum. These are preliminary TART 2004 results, so that the final results to be published with TART 2004 may vary slightly, but the difference between the results for the case of all prompt versus prompt and delayed will be consistent.
The below figure shows the energy dependent neutron production in LCT06-1; on the left is the differential production per MeV, and on the right is the integral production normalized to unity integrated over all energies. Note the "bump" in the differential production near 2 MeV which is characteristic of U238 fission. The integral production shows that even for this thermal system over 7% of the neutron production occurs above 1 MeV, due to U238 fast fission. Clearly the effect of U238 fast fission is important in this system. The below figure shows the energy dependent neutron production, absorption and leakage in LCT06-1; on the left is the differential results per MeV all normalized to one neutron produced, and on the right is the integral results each normalized to unity integrated over all energies. From here we can see that the production exceeds the absorption plus leakage from about 0.1 to 100 eV, as well as above 1 MeV. Note also that for this assembly a good deal of the leakage is at high energy, e.g., almost 40% is above 1 MeV.
In this case proper treatment of delayed neutrons increases K-eff for all 18 assemblies. See the table below which compares results emitting all neutrons in the prompt fission energy spectrum (identified as Prompt) and emitting the delayed neutrons in the delayed fission energy spectrum (identified as Delayed). The per-cent difference in this table is,
In all 18 cases the difference is negative, indicating that K-eff in all cases increases when delayed neutron are treated properly. From the Prompt results we see is that as the H/U ratio increases K-eff increases from close to 1 for H/U 4.33 up to about 1.002 for H/U 8.65, so that the trend we are seeing is a change in K-eff of only 0.2%. This is comparable to the differences that we see between Prompt and Delayed results, which are up to about 0.1%, and also increase with H/U ratio. The net result is that if we were to try and use these assemblies to verify or improve evaluated data, clearly the effect of properly handling delayed neutrons is important and should be included in the analysis.
WARNING -WARNING -WARNING -the results in the table below are based on using a preliminary version of the TART 2004 nuclear data files -as such the absolute values of K-eff may vary for the final distributed TART 2004 package -only the change in K-eff due to properly using delayed neutrons should be considered important here. The below figure shows the energy dependent neutron production in LCT06-01 (H/U 4.33) and LCT01-18 (H/U 8.65). The figure on the left compares differential results where each is normalized to one neutron removed (absorbed or leaked). The figure on the right compares integral results where each is normalized to unity integrated over the entire secondary energy range. Comparing the two we can see the increasing slowing down power in LCT01-18, compared to LCT01-01, e.g., the slowing down production (and flux) is much lower, and the increase in the thermal spectrum below about 0.1 eV. Both of these effects contribute to the differences in K-eff that we see in the above table. Note that in both cases fast fission above 1 MeV makes a considerable contribution to the production, but less for LCT06-18 (roughly 5%) than LCT06-01 (roughly 7%).
Material Assay for Fissile Materials
Delayed neutrons can be used to nondestructively interrogate a material in an attempt to determine if it contains fissile material. As an example, with TART I modeled a neutron fission spectrum incident on a sphere of pure U 235 , 5 cm in radius, at a density of 18.7 grams/cc. I used two different time distributions for the source. One source was constant from 0 to 100 seconds and then zero for all longer times. The other source was more or less instantaneous; actually it was constant from 99.99 to 100.0 seconds, and then zero for all longer times. In each case exactly the same total number of neutrons was incident from the source. In each case I detected the time dependent leakage from the sphere.
The below figure shows a comparison of the results for these two sources. Because the total number of source neutrons incident was exactly the same in both cases the total number of delayed neutrons will also be the same. From the below figure we can see that after 100 seconds the strength of the constant source is lower, because roughly half of the delayed neutrons were emitted during the 100 seconds that the source was on and as such are masked by the much larger leakage of prompt sources during this time .
Example of Spontaneous Fission
For neutron source (not criticality) problems TART allows users to specify a spontaneous fission source for a few important isotopes, namely Pu For neutron correlation studies the correlated signal is due to a fission emitting all its fission neutrons at the same time. Properly treating the delayed neutrons as delayed in time means they are not longer emitted at the time as the fission and as such they are not part of the correlated signal, rather they are a background noise that can interfere with this signal.
With TART spontaneous sources may be used by themselves, e.g., calibrating to a Cf 252 source in a non-multiplying medium. They can also be used in combination with other sources to simulate the total independent source in a medium, e.g., Pu240 spontaneous fission plus an external source incident on the medium to induce additional fissions. By tallying the results in binary files using ltype 12 (see the on-line TART input manual) the results for any number of sources may be combined. 
Use Delayed Neutron Data with Care
Care must be used with delayed neutron data when one uses fission product precursor densities to define the time dependent emission of delayed neutrons. The distribution of delayed neutrons emitted at any time, t, can be defined in terms of the decay rate of the fission product precursor densities as,
The density of precursors is coupled to the neutron flux,
In addition we need an initial condition defining the precursor densities at an initial time,
The most frequent assumptions at the initial time are either that the precursor densities are zero, or have reached equilibrium due to a constant flux throughout the past,
The most common error in misusing the delayed neutron information is to assume that the initial precursor densities can be arbitrarily defined, whereas in fact we can see that these densities are directly coupled to the neutron flux by their production through neutron induced fission. Please be aware that any assumption concerning the initial precursor densities is directly equivalent to assuming an initial and past time flux. For example, if you assume that you know the initial values of the precursor densities and define them as constant, independent of position, you are assuming that the neutron flux is constant in space, which is usually a poor assumption. Be aware that the subsequent time dependent behavior of any system will depend -sometimes strongly -on the initial conditions that you define. So that using incorrect initial conditions may invalidate the result of your calculation. This is why TART does not allow users to assume an initial precursor density. With TART if you want to "see" the time dependent effects of delayed neutrons you are forced to start with a flux and precursor densities that are zero before some initial time, and to allow the system to evolve forward in time to correctly define the time and spatial distribution of flux and delayed neutrons, and you can then introduce a perturbation to "see" the effect you are looking for, e.g., see the above example of material assay using a time dependent neutron source. From the above results you can see that after roughly 100 seconds systems will have evolved into a "true" spatial and time distribution of delayed neutrons characteristic of the system, so that subsequent time behavior will truly represent the system you are dealing with.
Improved Delayed Neutron Data
The ENDF/B-VI data file is now frozen [2] , so that we cannot improve upon the current contents of this library. However, we can look forward to the creation of the new ENDF/B-VII library. The current delayed neutron data in ENDF/B-VI is a big step forward compared to earlier versions of ENDF/B that did not include any information to define the time and energy emission of delayed neutrons. In the hope that this excellent start with ENDF/B-VI leads to even further improvements in ENDF/B-VII here I make to few suggestions, 1) Delayed neutron information should be included for all fissile and fertile isotopes, and data should be added for important spontaneously fissioning isotopes. Personally I think the current uniform treating of delayed neutrons in ENDF/B-VI as defined by six precursor modes is an excellent idea; it allows a uniform treatment of delayed neutron emission in our application codes for all isotopes. Please do not interpret this to mean I am a fan of the six mode model; what I am a fan of is any uniform model that we can apply to all isotopes, be it six, eight, ten or whatever number of modes.
2) Coupling to specific fission product precursors or at least lumped precursors and defining burn-up cross sections would complete the equations defining the time dependence of the precursors. In most cases this is not an important effect, since we are talking about relatively short time periods, of the order of 100 seconds, and the flux would have to be enormous to cause significant burn-up during this time.
3) The energy spectra should be further improved, noting in particular the problems discussed here. The high energy variations now seems to be physically acceptable, but not the low energy histogram; hopefully this problem can be eliminated. 4) Photon emission due to delayed neutron emission should be added, since this can contribute to more delayed neutrons through ) , ( n γ reactions in materials such as beryllium and deuterium, e.g., in heavy water reactors. The delayed photon signal could also be useful in material assay applications.
Conclusion
Here I have introduced a simple model of delayed neutron emission. The model uses the currently available ENDF/B-VI data [1, 2] to model the time dependence of the delayed neutron emission in six decay modes. The model uses a simplified model for the energy dependence that conserves the average energy of delayed neutrons emitted in the detailed ENDF/B-VI emission spectra; this is the only approximation to the currently available ENDF/B-VI data used in my simple model. This model has now been implemented in the TART [6, 7] Monte Carlo transport code. Results were presented to verify that this model has been correctly implemented in TART. In particular broomstick results were presented to verify the single event (collision) emission of delayed neutrons in time, energy, and direction. In addition results were presented to illustrate the effect of delayed neutrons on criticality. Lastly results were presented to illustrate how delayed neutrons can be used in material assay by using a neutron source incident on a given material; if fissile material is present the neutron source will induce fission and allow delaying neutrons to be detected.
The final point I would like to make is that implementing this model in a Monte Carlo code such as TART is trivial and does not add any appreciable overhead or running time to the code. Think about it: for each fission, only a fraction of 1% of the time is a delayed neutron emitted, which adds little complexity or running time. Since there are cases in which this effect is important it seems a shame not to improve the physics in our codes by including an accurate model of delayed neutron emission.
TART users should see the Appendix for guidance in using delayed neutrons in TART. 2 = Delayed neutrons are emitted in the delayed energy emission spectrum, but delayed emission is instantaneous (this is now the recommended option for criticality problems, where we assume the system has been running forever in a steady state, so that the fission products precursors are in equilibrium; delayed neutron emission time is not important, but emission energy may be important). 3 = Delayed neutrons are emitted in the delayed energy emission spectrum, and time dependent spectrum (this is now the recommended option for time dependent neutron source problems, where you are interested in the time dependent effect of delayed neutrons). This option is not allowed for criticality problems (use 2, as defined above).
sentl 54
If you are interested in neutron correlation studies, sentl 54 can be used to define how the number of neutrons per fission is defined. The default is to use the energy dependent average number of neutrons per fission, > < ) (E ν . You can use sentl 54 to instead sample the distribution ) (E ν for the number of neutrons emitted; this option is not allowed for criticality problems.
sentl 55
If you are interested in neutron correlation studies, sentl 55 can be used to define a spontaneous fission sources; this is currently limited to Pu 
sentl 46
This allows you to control that the detail to which energy dependent results are output by TART, 0 = 80 neutron energy tally bins (this is the default) 1 = 165 neutrons energy tally bins 2 = 616 neutron energy tally bins (I recommend this for most detail if you intend to use the utility codes pathc or paths; see below) timdist This option can be used to define a time dependent neutron source distribution; the default is that all source neutrons are emitted at time, t = 0. The above example for material assay with a time dependent source used this option. In one case timdist 1 0.0 1.0d+10, for a source uniform in time between 0 and 100 seconds (1.0d+10 shakes); in the other case timdist 1 0.9999d+10 1.0d+10, for a source uniform in time between 99.99 and 100 seconds (0.9999d+10 and 1.0d+10 shakes). centim VERY IMPORTANT -centim defines the maximum time to track particles; the default is 1 second, input in shakes as 1.0d+8. When using the delayed neutron time distribution (sentl 57 3) make sure this is a BIG number, e.g., 1.0d+20. If you do not do this all delayed neutrons emitted after 1 second will be ignored, and will not appear in any output tallies. This option can be used to define time bins for output, e.g., for output every second between 1 and 100 seconds (1.0d+8 to 100.0d+8 in shakes) use the following input with time in shakes, centim 1.0d+8 2.0d+8 3.0d+8………………………99.0d+8 100.0d+8 This is not the recommended way to obtain time dependent output; see the below description of ltype 12 and the TART utility code PLOT1112.
Suggested Time Dependent Tallies: ltype 12
If you wish you can define as input to TART many time bins in which to tally results (as described above), but this approach is time consuming, both for you to prepare the input and for TART to run, error prone, and not supported by any TART utility codes. A simpler approach is to use ltype 12 to tally results in binary files, that can later be processed by the utility code PLOT1112 to time and energy bin the results anyway you want; see the on-line TART document [6] for a description of ltype and the utility codes.
Utility Codes
All of the results presented in this report were obtaining using TART utility codes and this is what I suggest you use in your applications. Many of the utility codes are designed so that you never have to look inside the TART output file. Instead they can be used to convert TART results to PLOTTAB input format, so that you use the utility code PLOTTAB to can "see" your results, BALANCE -was used to produce the energy dependent neutron production data. PATHC -for criticality problems can be used to define neutron flux by spatial zone PATHS -for source problems can be used to define neutron flux by spatial zone PLOT1112 -was used to produce the time dependent neutron distribution. PLOTTAB -can be used to plot output from any of these utility codes.
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